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Numerical investigation of natural convection inside a wavy enclosure
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Abstract

In this paper, hydrodynamic and thermal behaviors of fluid inside a wavy walled enclosure are investigated. The enclosure consists of
two wavy and two straight walls. The top and the bottom walls are wavy and kept isothermal. Two vertical straight walls (right and left)
are considered adiabatic. The integral forms of the governing equations are solved numerically using Finite Volume method. Computational
domains are divided into finite numbers of body fitted control volumes with collocated variable arrangement. Results are presented in the
form of local and global Nusselt number distributions for a selected range of Grashof nurrﬁ)er(f])OStreamlines and isothermal lines are
also presented for four different values (0.0, 0.05, 0.1, 0.15) of amplitude-wavelength atiga ) and for a fluid having Prandtl number
1.0. Throughout this study, aspect ratio {/1) is kept equal to 0.40. Calculated results for Nusselt number are compared with the available
references.
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1. Introduction wall spacing etc. Each of the parameter significantly affects
the hydrodynamic and thermal behavior of fluid inside it.
Natural convection heat transfer inside a wavy enclosure These configurations are not idealities and its effect on
is one of the several devices employed for enhancing the heaflow phenomenon motivates many researchers to perform
and mass transfer efficiency. Heat transfer inside annularexperimental or analytical work on this topic.
space, air-filled cavity or annular sector has wide application  Saidi et al. [1] presented numerical and experimental
in many engineering problems like electronic packages, results of flow over and heat transfer from a sinusoidal
micro-electronic devices etc. The change of flow field with cavity. They reported that the total heat exchange between
changes in surface waviness is a special feature of thethe wavy wall of the cavity and the flowing fluid was
complex corrugated-duct geometry that is not encounteredreduced by the presence of vortex. Vortex plays the role of
in conventional ducts such as circular and annular pipes g thermal screen, which creates a large region of uniform
and rectangular ducts. In addition to the electronic packagesiemperature in the bottom of the cavity. Wang and Vanka
and heat exchanger design, wavy geometry has also som¢2) presented heat transfer and flow characteristics inside a
geophysical applications like flows in the earth’s Crust. ayy walled channel. Nishimura et al. [3] investigated flow

Geometrical complexity of such cavity or duct affects cparacteristics such as flow pattern, pressure drop, and wall
largely the flow pattern. Their fabrication depends on many shear stress in a channel with symmetric sinusoidal wavy

parameters like amplitude, wavelength, phase angle, inter- ), - kymar [4] presented parametric results of flow and

thermal field inside a vertical wavy enclosure embedded in a
* Corresponding author. pours media. He concluded that the surface temperature was
E-mail addressespdas@ualberta.ca (P.K. Das), very sensitive to the drifts in the surface undulations, phase
smahmud@engmail.uwaterloo.ca (S. Mahmud). ~——of the wavy surface, and number of the wave. Asako and
Present address: Department of Mechanical Engineering, UmversnyofF hri 15 v Finite Volume prediction of heat transfer
Alberta, Edmonton, AB T6G 2G8, Canada. ag [ 1 gave a e _O_U (_ap_e ction of heat transie
2 present address: Department of Mechanical Engineering, University of @Nd fluid flow characteristics inside a wavy walled duct

Waterloo, Waterloo, Ontario N2L3G1, Canada. and tube, respectively. Lage and Bejan [6] documented heat
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Nomenclature
a dimensionless parametera /A o amplitude of the top and the bottom walls... m
g gravityvector ..., BT B thermal expansion coefficient............ K
Gr Grashof numbet p2gBAT 83/ u? 8 inter wall spacing between the top and
h heat transfer coefficient ......... W2.K-1 thebottomwalls ......................... m
k thermal conductivity ............ wh—t.K-1 A horizontal length of the cavity ............. m
) massflux.........covvvvveiininn... gt w dynamic viscosity ............... kp—1.s1
Nu Nusselt number (see Egs. (17) and (18)) 0] any variable
i unit normal vector 0 mass density..............ooeeeun... kg3
Pr Prandtl numbee uCp/k r diffusion coefficient
2

p Pressure .........oouiiiiiniinnnnnnn. -rN'2 Subscripts
S surfacearea..............iiiiii m
T teMpPerature . ......o.voeeeeee s, K av average value
” velocity component atdirection. . . . . . . L 0 at ahml?lent condition
u; velocity component at direction ... . .. msL € at the faceé
% volume 3n € value based on cold wall
X horizontal coordinate ..................... m H value pased on_hot e L
X normalized axial distance x /A i,j Cartesian notation of andy direction
y vertical coordinate...............oouuun... m L local value

w value at wall
Greek symbols 0 reference value

transfer results near a periodically (timewise and spatial) [ pu;v-7adS

stretching wall. Adjlout et al. [7] reported natural convection

in an inclined cavity with hot wavy wall and cold flat wall.

One of their interesting findings was the decrease of average = / pgrady; - ndS — / pij-ndS+ / pb;dV €))

heat transfer with the surface waviness when compared with S S v
flat wall cavity.

In the present investigation, characteristics of natural con- / pTv-ndS = / kgradr -ndS (4)
vection inside a wavy enclosure are presented for an incom- S

:oreslsmlg l\:e\k/)vtcl):;an ﬂlljt'd' Re:;ce of heat transtfe(rj |fn ‘ZT;"S Oftwhereb,» andb; is the body forces in theand jth Cartesian
ocal and global NUSSElt numbers are presented for different y; o ions |n cases considered here, the only body force is

amplitude-wavelength ratios and Grashof numbers, respecpo buoyancy force, which is implemented by applying the
tively. Flow and thermal fields are analyzed by parametric Boussinesq approx;mation

presentations of streamlines and isothermal lines.
pbi = pogi B (T — To) (5)

) ) whereg; is theith component of the gravity acceleration
2. Mathematical modeling vector, Ty is the reference temperature, anglis the density
at Tp. For present investigation, we used the following
In the present investigation, we take the advantage of boundary conditions:
Finite Volume method to generate body fitted grid with
collocated variable arrangement. The integral forms of BOIOM wall: 0< x < 4 andy = o — o COS2rrx):;

governing equations (continuity, momentum and energy) are up=uj=0andl =Ty
Topwall: 0<x <A andy =68 + o — acog2mx);

as follows:
ui=uj=0andT=Tc 6)
P Leftwall: x =0and 0< y < §;
/pv adS=0 (3 ui=u;=0anddT/on =0
S Right wall: x =1 and 0< y < §;
/,OM'U’ﬁdS ui=u;=0anddT /on =0
S Egs. (1)—(4) can be written in a generalized form
:/;Lgradui-fzdS—/pii-ftdS+/,0b,'dV (2) /,oqbv-ﬁdS:/Fgrad¢-fzdS+/q¢dV @)
S S v s S 4
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Fig. 2. A typical 2D-control volume and the notation used.

the same approach applies to other faces—only the indices
need to be changed. The CV may have any number of faces;
the analysis is not restricted to quadrilateral CVs like the
one shown in Fig. 2. The midpoint rule approximation of the
mass flux leads to:

mezfpv RS~ (pv-A).Se )

Fig. 1. Numerical grid structure and (b) computational domain. S,

) ) ] The unit normal vector at the face' is defined by
Eqgs. (1)—(4) are discretized using control-volume based

Finite Volume method with collocated variable arrangement. 7eSe = S¢ii = (Yne = Yse)i — (Xne — Xse) j (10)
Solution procedures with detail algorithm are available in 4nd the surface ares, is
references by Ferziger and Peric [8] and Patankar [9].

In Figs. 1(a) and 1(b), numerical grid structure and g, = (55)2 + (Sey)z (11)
schematic diagram of the computational domain with geo- . )
metrical parameters and boundary conditions used in presentVith these definitions the expression for the mass flux
investigation are shown. becomes:

e = pe(qux + Syuy) (12)

The difference between a Cartesian and a non-orthogonal
grid is that, in the latter case, the surface vector has
components in more than one Cartesian direction and
all the velocity components contribute to the mass flux.
Each Cartesian velocity component is multiplied by the

e

3. Numerical scheme

The Finite Volume method starts from the conservation
equation in integral form

N - corresponding surface vector component.
/p¢v«ndS_/Fgrad¢«ndS+/q¢, av (8) The convection flux of any transported quantity is usually
S s v calculated by assuming that the mass flux is known which,

The solution domain is first subdivided into a finite with the midpoint rule approximation, leads to
number of contiguous control volumes (CVs), and the
conservation equations are applied to each CV. At the Ff=/ﬂ¢v'ﬁd52me¢e (13)
centroid of each CV lies a computational node at which S,

the variable values are to be calculated. The computational
node at which all unknowns are stored in one-dimensional
arrays and sorted level-wise, starting with level 1 (coarse
grid) to Ievgl 3 (fing grid). Coll_ocated arrangement is used F = / I gradp - i dS ~ (I grade - i), S, (14)
for the variables, i.e., all variables are calculated at the
same CV center. Both surface and volume integrals in the
conservation equations (1)—(4) are approximated here using The gradient of at the cell face center can be expressed
midpoint rule, i.e., the value of the integrand at the center €ither in terms of the derivatives with respect to global
of cell face or CV is multiplied by the face area or Cv Cartesian coordinates of local orthogonal coordinates)(
volume. e.g., in 2D:

We look first at the calculation of mass fluxes. Only the ap. d¢ . ¢ d¢
East side of a 2D CV shown in Fig. 2 will be considered; 9rad¢ = -—i + ! =" + -t (15)

whereg, is the value ofp at the center of the cell face. The
midpoint rule applied to the integrated flux gives

S

at
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Grid 40 x 20 4. Resultsand discussions

Gr=10" ______. Grid 80 x 40
S— - Grid 160 x 80

Computations were carried out for three selected grid

sizes (i.e., 40« 20, 80x 40, 160x 80). Figs. 3(a) and 3(b)
show Nusselt number distribution along the hot wall for
Grashof numbers equal to 4&nd 16, and amplitude-
wavelength ratiog = 0.10. Coarse grid (4& 20) solution
near the middle point of the hot wall of the cavity shows
some deviation with the medium coarse and fine grids’
solutions. Except this deviation, results for the selected
grid sizes show good agreement with each other. Medium
coarse (80x 40) and fine (160< 80) grids show almost
e e same result. For better accuracy, fine grid (:6®0)
results are presented throughout this paper. For a particular

(a) amplitude-wavelength ratia§, Grashof number was varied
by changing the dynamic viscosity keeping other fluid and

Grid 40 x 20

00— 025 0.5 075 1 calculate the local and average Nusselt numbers:

14 geometric variables constant.

For code validation, our numerical results are compared

pE Gr=10" -_____. Grid 80 x 40 with the experimental results of Ozisic [10] and Bejan [11]
E— - Grid 160 x 80 for « = 0.0. Comparisons are presented in Fig. 4, where
average Nusselt number is plotted as a function of Grashof
number. Present prediction shows a very good agreement
with the result of Ozisic [10] and a fair agreement with Bejan
[11].

4.1. Heat transfer

Heat transfer rate is measured by loddli{ ) and average

(Nu;») Nusselt numbers. Following equations are used to

X
s (oT
Nup =——— 17
(b) "L AT(an)w (17)
Fig. 3. Grid sensitivity test for (ar = 10* and (b)Gr = 10°, ¢ = 0.10. 1 A
Nugy = 5 / Nug, dx (18)
0

wheren and¢ represent the coordinate direction normal and
tangential to the surface, respectively.

If the variation of ¢ in the vicinity of the cell face
is described by a shape function, it is then possible to
differentiate this function at thee* location to find the
derivatives with respect to the Cartesian coordinates. The
diffusive flux is then

Fl=T, Z(%) st (16)

This approximation is independent of the CV shape and
is approximately of second order accurate. The final dis-
cretized form of governing equations is solved iteratively us-
ing Stone’s SIP solver [8]. Iteration is continued until differ-
ence between two consecutive field values of variables is less
than or equal to 10*. For further stabilization of numerical
algorithm, under relaxation factors of 0.1-0.7 are used.

18
I5E Present Work
12F A Ozisik (1985)
oFE u Bejan (1984)

6

S

Z -

where the gradient tern{o7/dn),, in Eq. (17) is the
temperature gradient normal to the hot wall. Local Nusselt

A| Ll Ll Ll Ll
10° 10* 10° 10° 107
Gr

Fig. 4. Code validation of present work with other reference works.
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Fig. 5. Variation of local Nusselt number for different Grashof number.

number distribution is presented in Fig. 5 and Fig. 6. Average
Nusselt number distribution is presented in Fig. 7. Detail wavelength ratio(a) for different Grashof numbers=(
discussions are presented in the following two sections.

4.2. Local heat transfer distribution

Local Nusselt number distribution at the bottom wall
is shown in Figs. 5(a)—(d) fo6r = 5 x 10°, 10%, 10°,

and 16. At Gr =5 x 10° anda =

0.0, Nusselt number

distribution profile is symmetric with respect 6 = 0.5
and shows a periodic nature of distribution with respect
to the distanceX. For ¢ = 0.05, 0.10, and 0.15Nu;
profiles are symmetric but no longer periodic @as= 0.0

case due to the surface waviness.

Ear 0, two distinct

Local Nusselt number is plotted for constant amplitude-

103, 10% 10°,10%) in Figs. 6(a)—(d). At lower Grashof
number, magnitude of Nusselt number is almost same along
X direction for a particular a. Larger variation in the
magnitude oNu;, is observed at high Grashof numbers. For
zero surface wavinesa & 0), peak value oNu, occurs at

the line of symmetry X = 0.5) for higher Grashof number.
Fora > 0, peak value oNu; occurs other than the line of
symmetry ast = 0 case.

4.3. Average heat transfer distribution

zones are observed depending on the magnitude of the local
Nusselt number. For.25 < X < 0.75, Nug, is higher in
magnitude for highet. Opposite scenario is observed for
X < 0.25andX > 0.75. This type of behavior of thidu; —X
prof"e Strong|y depends on the Grashof number as shownat hlgher Grashof number this effect is very small. At hlgher

in Figs. 5(b)—(d). AtGr = 10°, Nu; decreases with the
increase of: at X = 0.5. Combined effects of multi-cellular

flow and periodic swirling of isotherms (as we will see later)
change theNu,—X profile to a periodic shape fer > 0.0,

which differs froma = 0 case.

The effect of amplitude-wavelength ratio on average heat
rate transfer is shown in Fig. 7. At lower Grashof number the
effect of amplitude-wavelength ratio is significant. However,

amplitude-wavelength ratio heat transfer rate is higher at
lower Grashof number when amplitude-wavelength ratio
increase from zero to other values and after then, further
increases of amplitude-wavelength ratio shows a negligible
effect on average heat transfer rate.
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Fig. 6. Variation of local Nusselt number for different amplitude-wavelength ratio.
%% 3 a=0.00 ,,{’,’f” observed (Fig. 8(a)). This bi-cellular flow pattern divides the
g e a=0.05 /./‘. cavity into two symmetric parts with respect to the centerline
E e a=0.10 ,/ (X = 0.5) of the cavity. Vortex at the left side and at the right
6F ——mrmm a=0.15 27 side of the line of symmetry rotates counterclockwise and
- /," clockwise direction, respectively. At each half of the cavity,
z 4 /,«/"' fluid stream near the hot wall tends to move towards the
2 = /,«' centerline of the cavity where two streams from the opposite
i /,/ direction mix and rise upwards. Vertical stream of the fluid
5 ;” splits into two streams (directed to the adiabatic walls) at
i the top wall of the cavity. This makes two counter rotating
,_..2-:?"” vortices (bi-cellular flow) inside the cavit@r = 10% is also
2 characterized by the bi-cellular flow pattern but elongated
0 L ""'1'(')4 L ""'1'65 L ""'1'66 L core. At Gr = 5 x 10%, multi-cellular flow appears with
Gr four vortices. Due to comparatively high buoyant effect,

Fig. 7. Variation of average Nusselt number with Grashof numbers for
different amplitude-wavelength ratio.

4.4. Flow field

Figs. 8(a)—(f) show the constant stream-function contours
for six selected Grashof numbers o= 0.10. AtGr =5 x
10%, convection current inside the cavity is comparatively
weak. Two counter rotating vortices with small cores are

another vertical stream of the fluid appears near the adiabatic
walls. Considering one half of the cavity, one stream of fluid
(at the top wall) moves towards the adiabatic wall from
the symmetry line and another stream moves towards the
symmetry line from the adiabatic wall. These two opposite
streams produce a downward stream of the fluid at their
intersection, thus producing two counter rotating vortices
at each half of the cavity. Further increase of Grashof
number Gr = 10° and 2x 10°) increases the strength of
the vortices, keeping four-cell multi-cellular flow pattern
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a=0.10, Gr=5x10’ a=0.10, Gr= 10"
(@) Wmax = 0.00245171 (b) Wmax =0.00416981
a=0.10, Gr=5 x10* a=0.10,Gr=10’

/\

(€) Ymax = 0.0047079 (d) Yimax =0.0051079

a=0.10, Gr=2x10’ a=0.10, Gr=10°

(€) Wimax = 0.0056079 (f) Wimax =0.0.0061079

Fig. 8. Streamlines for different Grashof number doe 0.10.

inside the cavity. The overall physics of flow will be more increase in the value of increases the size of two vortices
clear to understand when thermal field will be presented near the line of symmetry and decreases the size near the
and discussed later. An interesting reverse transition occursadiabatic walls.

at Gr = 10°%. Multi-cellular flow patterns turns into a bi- )

cellular flow at this Grashof number(1(P). This bi-cellular ~ 4-3- Velocity vector

flow pattern is qualitatively different from the flow pattern at
Gr < 10*. High convection current shifts the core of each

vortex towards the adiabatic wall of the cavity. 5% 10% and 5x 10°. For all Grashof numbers. a verti-
Fig. 9 shows the effect of amplitude-wavelength ratio ca| stream of fluid (velocity vectors are directed upward) at
(a) on flow field at constant Grashof numbes & x the line of symmetry characterizes the flow. @&t = 10%,
10%. Whatever the value of, flow inside the cavity  velocity profiles are similar to the profile inside a shallow
is characterized by a four-cell multi-cellular pattern. An cavity [11] except at or near the line of symmetry and close

To facilitate our understanding of flow field, velocity vec-
tor is plotted in Figs. 10(a)—(c) far = 0.10 andGr = 10%,
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a=0.05, Gr = 5x10*

Y S

——

a=0.10, Gr = 5x10*

/\

(b) Wmax =0.0047079

a=0.15, Gr = 5x10*

(€) Wimax =0.00436513

Fig. 9. Streamlines for different amplitude-wavelength

Gr=5x 104

a=0.10, Gr=10*

~
&

©

Fig. 10. Velocity Vector for different Grashof numbers foe= 0.10.

pattern atGr = 10*. Boundary layer forms due to the high
convection current and a large portion of the fluid is stagnant

to the adiabatic walls. Two small ellipsis with arrow marks at the center of the each half of the cavity (see Fig. 10(c)).

show the motion and rotational direction of the fluid inside

the cavity at this Grashof number. Except at the walls, a thin 4.6. Thermal field

layer of fluid is almost motionless (stagnant) approximately
at the center of each ellipse. Direction of the fluid motion
above and below this stagnant fluid is opposite.Gxt=

Thermal fields are presented in the form of isothermal
lines in Figs. 11(a)—(f) fom = 0.10 and for some selected

5 x 10°, flow is multi-cellular as already described in pre- values of Grashof numbers as indicated in figures. For the
vious section which is supported by the direction of velocity convenience of analysis, temperature is made dimensionless
vectors. Four small circles with arrow marks facilitate to un- using the expressiorV(— 7o) /(Ty — T¢) so that the val-

derstand the direction of motion of the fluid. Fluid is motion-
less at the center of each circle. FlowGit=5 x 1(° is bi-
cellular but qualitatively different from the bi-cellular flow

ues of temperatures fall in between 0 and 1 in each figure.
Twenty contours are plotted in each figure with the inter-
val 0.05. AtGr = 5 x 10°, buoyancy effect is negligible.
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a=0.10, Gr =5x10° a=0.10, Gr= 10*

;

~
)

) (b)

a=0.10, Gr = 5x10" a=0.10, Gr =2x10’

~

c) (d)

a=0.10, Gr =3x10’ a=0.10, Gr=10°

© ®

Fig. 11. Isothermal lines for different Grashof numbersdes 0.10.

Isothermal lines are nearly parallel to each other and fol- pears due to the occurrence of reverse transition in flow field.
low the geometry of the wavy surfaces. Some deviation is Hot spots almost occupy the bottom wall of the cavity. Heat
observed near the hot wall around the center{ikie= 0.5) transfer rate is very high as already indicated in Fig. 5.

of the cavity due the effect of upward fluid stream. Isother-

mal lines swirl atGr = 10* due the influence of convection

current. Two hot spots appear near the bottom wall, where5. Conclusion

isothermal lines are concentrated, leaving high temperature

gradient. Heat transfer rate is higher in magnitude at the hot Buoyancy induced flow and heat transfer inside a wavy
spots. A periodic swirling of isothermal lines appeaGat= enclosure with two wavy walls and two straight walls are in-

5x 10* and 2x 10° due the appearance of multi-cellular flow vestigated numerically. Amplitude-wavelength ratio affects

(see Figs. 8(c)—(e)). Hot spots elongate along the bottomboth local heat transfer rate and flow field as well as ther-
wall with the increase of Grashof number. Gt = 3 x 10° mal field. Increasing amplitude-wavelength ratio changes
and 16, periodic swirling nature of isothermal lines disap- the true periodic nature of the local Nusselt number distribu-
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